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Abstract. Let M be a closed oriented smooth 4— manifold admitting symplectic 
structures. If M is minimal and has b + = 1, we prove that there is a unique 
symplectic canonical class up to sign, and any real second cohomology class of 
positive square is represented by symplectic forms. Similar results hold when M is 
not minimal. 



§1. Introduction 

Let M be a smooth, closed oriented 4— manifold. An orientation-compatible 
symplectic structure on M is a closed 2-form 10 such that uj A uj is nowhere vanishing 
and agrees with the orientation. Let Qm be the moduli space of such 2-forms. In 
the first part of this paper, we devote ourselves to the understanding of the topology 
of this moduli space, which can be studied in three ways. 

First of all, on Om, there is a natural equivalence relation, the deformation 
equivalence. uj\ and ui2 in Om are said to be deformation equivalent if there is an 
orientation-preserving diffeomorphism such that 4>*uji and u>2 are connected by 
a path of symplectic forms. Clearly, the group of orientation-preserving diffeomor- 
phisms on the set of connected components of Om, and the number of deformation 
classes of symplectic structures is just the number of the orbits of this action. 

Secondly, there is a map of canonical class K : Qm — ► H 2 (M;Z). Any 
symplectic structure determines a homotopy class of compatible almost complex 
structures on the cotangent bundle, whose first Chern class is called the symplec- 
tic canonical class. For each symplectic canonical class K, if we let SIm,k be the 
subset of Om, whose elements have K as the symplectic canonical class, then Qm 
is the disjoint union of the Qm,k- There is also a natural equivalence relation on 
the set of symplectic canonical classes. We say two symplectic canonical classes K\ 
and K2 are equivalent if there is an orientation-preserving diffeomorphism such 
that <p*Ki = ±K2- Symplectic structures in a connected component have the same 
symplectic canonical class. Moreover if two symplectic structures are related by 
an orientation-preserving diffeomorphism, so are their symplectic canonical classes. 
Therefore the set of deformation equivalence classes of orientation-compatible sym- 
plectic structures maps onto the set of equivalent classes of symplectic canonical 
classes, and can be understood via the latter. 
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Thirdly, by taking the cohomology class, we have a projection CC : Om — ► 
H 2 (M; R). The image of this projection is called the symplectic cone of M, and is 
denoted by Cm- For each symplectic canonical class, if we define the K— symplectic 
cone 

Cm,k = {e G Cm I e = [u] for some u G }. 

then Cm is just the union of the Cm,k (this union is in fact a disjoint union, see 
Proposition 4.1). 

It turns out that the determination of the number of deformation classes of 
symplectic structures is a very hard problem. The first breakthrough was made by 
Taubes [T3], who showed that there is one deformation class on CP 2 . We [LL2] later 
showed that the uniqueness holds for all S 2 — bundles and their blow ups. However, 
for other 4-manifolds, it is not even known whether the number of deformation 
classes is always finite. 

Here we are able to provide some evidence for the finiteness by showing that the 
the image of the map K is always finite. When b + (M) > 1 (b + (M) is the dimension 
of a maximal positive subspace of H 2 (M;H)), it follows from [Tl] and [W] that 
there are finitely many symplectic canonical classes. In addition, any 4-manifolds 
with Kahler structures has only one equivalent class of symplectic canonical classes 
(see [B] and [FM2]). More recently, examples of 4-manifolds with b + > 1 and 
Inequivalent classes of symplectic canonical classes were first obtained in [MT] , and 
later in [Le], [Sm] and [V] (see also [C], [KK] and [Ma] for the recent results for the 
moduli space of complex structures on 4-manifolds). In this paper, our first main 
result completely settles this issue for the case b + = 1. 

Theorem 1. Let M be a smooth, closed oriented 4— manifold with b + = 1 and 
suppose Om is not empty. Then the number of equivalent classes of the symplectic 
canonical classes is one. Furthermore, if M is minimal, there is a unique symplectic 
canonical class up to sign. 

Here M is said to be (smoothly) minimal if Sm is the empty set, where Sm 
is the set of cohomology classes whose Poincare duals are represented by smoothly 
embedded spheres of squares —1. Consequently we obtain 

Corollary 1. Let M be a smooth, closed oriented 4— manifold. The number of 
equivalent classes of the symplectic canonical classes is finite. 

To the contrary, in higher dimensions, there can be infinite number of equivalent 
classes. Let us briefly indicate the construction of such a manifold. Using their knot 
surgery, Fintushel and Stern [FS2] have constructed infinite number of symplectic 
4— manifolds homeomorphic to K3, whose diffeomorphism types are distinguished 
by the number of their Seiberg-Witten basic classes. As can be shown with the 
methods in [Rl] , the products of those manifolds with S 2 are diffeomorphic, and it 
carries infinite number of equivalent classes. 
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We also have some substantial results about the map CC. More precisely, for 
a 4-manifold with b + = 1 and non-empty symplectic cone, we can characterize the 
K— symplectic cones Cm,k, and from which, obtaining the characterization of the 
symplectic cone Cm itself. 

To determine the K— symplectic cone, the first step is to investigate the set of 
l K— stable' classes of symplectic surfaces, A m ,k, which we define now. Let A M ,u> 
be the set of s e H 2 (M; Z) whose Poincare duals can be represented by embedded 
uj— symplectic surfaces. Define 

A M ,K = {ee H 2 (M; Z)|e G A M ,u for all u G O m ,k}- 

Built on results in [T3], [LL1], we are able to compute the symplectic Seiberg- 
Witten invariants on those 4- manifolds and use them to probe a large part of Am,k- 
To state the result, we need to introduce yet another concept, the forward cone 
associated to a symplectic canonical class. On a closed oriented 4— manifold with 
b + = 1, the set of classes of positive square V fall into two connected components. 
Given an orientation-compatible symplectic form uj, we will call the component 
containing [u] the forward cone TV associated to uj. Similarly, given a symplectic 
canonical class K, we will call the component containing Ck the forward cone 
associated to K and denote it by TV{K). 

For a minimal 4-manifold with b + = 1 and a symplectic canonical class K, the 
result we need about Am,k is that (see Proposition 4.2) it contains large multiples 
of any class in the forward cone J-'V(K). 

Comparing with a result of Donaldson (see [D]), which states that the Poincare 
dual of the class of a sufficiently high multiple of an integral symplectic form can 
be represented by symplectic submanifolds, it is natural to expect that any class 
in the forward cone is represented by symplectic forms. Using the inflation process 
of Lalonde and McDuff (see [La], [LM], [Mc3] and [Bi2]), we can show that this is 
indeed the case. 

Theorem 2. Let M be a minimal closed, oriented 4— manifold with b + = 1 and K 
be a symplectic canonical class. Then 

Cm,k = FV{K). 

Consequently, any real cohomology class of positive square is represented by an 
orientation-compatible symplectic form. 

For non-minimal 4-manifolds, it is no longer true that any real cohomology class 
of positive square is represented by an orientation-compatible symplectic form, due 
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to the presence of the set 8. In fact what is relavant for the K— symplectic cone is 
the subset of K— exceptional spheres 

£m,k = {Ee£ M \E-K = -l}. 

An important fact from [LL2] is that £m,k hes in Am,k- From this, together with 
the blow up formula for Gromov-Taubes invariants in [LL4], we can obtain 

Theorem 3. Let M be a minimal closed, oriented 4— manifold with b + = 1 and K 
be a symplectic canonical class. Then 

C m ,k = {ee FP(K)\e ■ E > for any E e S m ,k}- 

Moreover, for the symplectic cone Cm, we have 

Theorem 4. Let M be a closed, oriented 4— manifold with b + = 1 and Cm non- 
empty. Then 

C M = {e e V\0 < \e ■ E\ for all E e 8 }. 

Let us remark that, on a complex surface, our K— symplectic cone is similar 
to (often larger than) the Kahler cone. Apriori the Kahler cone is convex because 
the sum of two Kahler forms is still a Kahler form, while our K— symplectic cone 
may not have this property because the sum of two symplectic forms may fail to 
be a symplectic form. However, for 4-manifolds with b + = 1, it is easy to see from 
Theorem 3 that our K-symplectic cone turns out to be convex. 

As we mentioned, the knowledge of the set Am,k is crucial in the understanding 
of the moduli space of symplectic forms. We gradually realize that the set itself is 
an important invariant of M. In the last part of the paper, we devote ourselves to 
studying it. 

For the same class of 4-manifolds above, we are able to determine which mul- 
tiples of K are in Am,k- As a pleasant byproduct, we obtain an analogue of 
Casteluovo's criterion of rational surfaces. 

Corollary 2. Let M be a minimal symplectic 4-manifold with symplectic canonical 
class K. If 6i = and 2K ^ 0, and 2K not in A m ,k, then M is CP 2 or S 2 x S 2 . 

We also define the rational K— surface cone S M K to be the convex subset of 
H 2 (M; Q) generated by elements in Am,k- The rational K— surface cone is a less 
refined object but easier to study. Our main result about the K— surface cone is 

Theorem 5. Let M be a closed, oriented 4— manifold with b + = 1 and symplectic 
canonical class K. Then 
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where FV Q (K) and FV^(K) are the sets of rational classes in .PP^if) and 

jFP Q (if) respectively. 

On a complex surface, by the Nakai-Moishezon criterion, a rational type (1,1) 
cohomology class with positive square is represented by a Kahler form if and only 
if it is positive on any irreducible holomorphic curve. We notice that, for the 4- 
manifolds in Theorems 2, 3 and 5, these theorems imply that a rational cohomology 
class with positive square is represented by a symplectic form if and only if it is 
positive on any class in Am,k, thus provide a sort of symplectic analogue. 

Actually, if we define the rational if— symplectic cone to be the set of 
rational classes in the if— symplectic cone, then immediate from the definitions, 
then inside H (M; Q), the rational if— surface cone is contained in the dual of the 
rational if— symplectic cone and vice versa. Moreover, Theorems 2, 3 and 5 suggest 
that there is the following strong duality, 

Duality Conjecture. Let M be a closed, oriented 4-manifold with b + = 1. Sup- 
pose if is a symplectic canonical class, then the rational if— surface cone and the 
rational if —symplectic cone are dual to each other. 

For a minimal 4-manifold, this conjecture simply asks whether the rational 
if —surface cone is the closure of the forward cone. We are able to confirm it for 
several classes of minimal 4-manifolds (see Proposition 6.5). 

After the first draft of this paper appeared, we were informed by P. Biran that 
weaker versions of our Theorems 2 and 3 appeared in [Bi2] and [Bi3] (see Theorem 
3.2 in page 297 in [Bi3] and Theorem 3.2 B in page 9-10 in [Bi2]). The set 'Class 
C that appears in his theorems is a rather general notion. In fact, following from 
the results in our paper, it is precisely the set of 4-manifolds M with b + = 1 and 
Cm non-empty. 

The organization of this paper is as follows. In §2, we review the Seiberg-Witten 
theory and the Gromov-Taubes theory on symplectic 4-manifolds, in particular 
those with b + = 1. In §3, we present the proof of Theorem 1. The if —symplectic 
cone and the symplectic cone are studied in section 4. In §4.1, we deal with minimal 
4-manifolds and prove Theorems 2. In §4.3, we deal with non-minimal 4-manifolds 
and prove Theorems 3-4. We would like to mention that some of the results in §4 
appeared in [Mc3] in slightly weaker form (see the remark after Proposition 4.3). 
In §5, we prove Corollary 2. In §6, we study the Duality conjecture. 

We would like to thank V. Kharlamov, J. Kollar, R. Lee, I. Smith and G. Tian 
for their interest in this work. We would also like to thank P. Biran for some very 
useful remarks. This research is partially supported by NSF. 

Conventions. In the rest of the paper, we will make the following simplifications. 
An integral cohomology class is identified with its Poincare dual, and a complex 
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line bundle is identified with its first Chern class. A symplectic 4-manifold refers to 
a pair consisting of a closed oriented 4-manifold M with an orientation-compatible 
symplectic form u. All the symplectic forms are orientation-compatible and all the 
diffeomorphisms are orientation preserving. All the surfaces are embedded unless 
specified otherwise. We will often drop M from the notations like M , &m,k, Cm,k, 
Am,oj, Am,k and Sm,k where there is no confusion. 

§2. The Seiberg-Witten invariants and the Gromov-Taubes invariants of 
symplectic 4— manifolds 

In this section we first review the Seiberg-Witten theory on symplectic 
4— manifolds, in particular those with b + = 1. Then we review the Gromov-Taubes 
theory of counting embedded symplectic surfaces in symplectic 4— manifolds. Fi- 
nally we review the equivalence between the two theories on symplectic 4-manifolds 
with b+ = 1. 

§2.1. The Seiberg-Witten invariants of symplectic 4— manifolds 

In this subsection we review the Seiberg-Witen invariants. For more details, see 
e.g. [M] and [S], and for the Seiberg-Witten invariants on symplectic 4— manifolds, 
see [Tlj. 

The Seiberg-Witten invariant SW is defined on the set of Spin c structures SV . 
Associated to each Spin c structure £ is a rank 2 complex vector bundle, whose 
determinant line bundle ci(C) is called the determinant bundle of C A useful fact 
to keep in mind is that SV is an affine space modelled on H 2 (M;Z). So, when 
fixing £, any nonzero class e G H 2 (M; Z) gives rise to a Spin c structure, denoted 
by C <g> e. And any Spin c structure is of this form. The determinant line bundle of 
C <g> e is related to that of C by ci(£ <g> e) = ci(£) + 2e. 

Fix a riemannian metric g and a real self-dual 2-form fi on M . The Seiberg- 
Witten equations can be written down for any Spin c structure C (we refer the 
readers to [M] for the actual equations). Denote At(M,jC) as the moduli space 
of the Seiberg-Witten equations. For generic pairs (g,fi), M.(M,C) has the nice 
property that it is a compact manifold of real dimension 

2d(C) = \(2 X (M) + 3a(M)) - I • Cl (£)). 

Here x(M) and a(M) are the Euler characteristic and the signature of M re- 
spectively. Furthermore, an orientation of the real line det + = H°(M;~R.) ® 
A 6l fl' 1 (M;R) <g> A 6+ #+(M;R) naturally orients M(M,£). Here b\ is the first 
Betti number of M and _£f + (M;R) is a maximal positive subspace of H 2 (M;Tt). 
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In addition, there is a naturally defined circle bundle on M x M.(M, £), whose Euler 
class induces a map <j> from H*(M; Z) to H 2 -*(M(M, £); Z). 

Now we give the definition of SW: 

Definition 2.1. Fix an orientation for the line det + and a Spin c structure £. Fix 
also a generic pair (gr, fi) with the salient properties above. Let 71 A ■ • • A 7 P be a 
decomposable element in A p (Hi(M; Z) /Torsion). Then the value of SW(M, C) e 
A*H 1 (M; Z) is defined as follows: 



where pt is the class of a point in H (M; Z). 

When 6+ > 1, the value of SW is independent of the choice of the generic pair 
(g, fi). Hence SW can be viewed as a map from the set of Spin c structures SV to 
A*H 1 (M; Z). Let SW l (M, C) denote the part of SW(M, C) in A i H 1 {M; Z). Sup- 
pose rj is the positive generator of A°H 1 (M; Z) = Z. Then the integer SW°(M, C; rj) 
will be simply denoted by SW°(M, C). 

When b + = 1, SW also depends on the choice of a chamber. On a 4-manifold 
with b~2 = 1, the set of real second co homo logy classes with positive square T 3 is 
a cone with two connected components. Pick one of them and call it the forward 
cone. Given a metric g, there is a unique self-dual harmonic 2-form u g for g in the 
forward cone with u 2 = 1. For a pair (g,(J,) and a Spin c structure £, define the 
discriminant Ac(g, fx) = f (ci(C) — fi)uj g . The set of pairs (g, fi) with positive and 
negative discriminant are called the positive and negative C chamber respectively. 
The map SW{M, C) is constant on any C chamber. So in the case b + = 1, given a 
choice of the the forward cone and a Spin c structure, we can define SW+(M, C) and 
SW-(M, C) for the positive and negative C chambers respectively. SW±(M, C) are 
similarly defined. 

From now on, when there is no confusion, we will often drop M from 
SW l (M, C K -i <g> e) or SWj(M, C K -i ® e). 

Recall that a symplectic 4-manifold is a closed oriented 4-manifold with an 
orientation-compatible symplectic form to. When M is a symplectic 4-manifold, we 
have the following facts. 

1. As mentioned in §1, the symplectic form oj (actually, the deformation class of a>) 
determines a unique homotopy class of u— compatible almost complex structures, 
and hence a canonical line bundle K. These almost complex structures induce a 
Spin c structure C K -i with K~ x as its determinant line bundle. 
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2. Since K ■ K = 2\(M) + 2a(M), the formal dimension of the Seiberg-Witten 
moduli space of L K -\ ® e is then give by 

2d=e-e-K-e. (2.2) 

3. There is a natural orientation of the line det + . 

4. When b + = 1, as mentioned in §1, u determines the choice of the forward cone. 
With respect to this choice, the negative chamber is called the symplectic chamber. 

Hence we will use the symplectic structure to orient the Seiberg-Witten moduli 
spaces. In the case b + > 1, the SW invariant so defined will be denoted by SW^; 
and, in the case b + = 1, use the symplectic structure to define SW U:+ and SW^,,- 
as well. 

A fundamental result of Taubes is 

Theorem 2.2 (see [Tl]). Let M be a symplectic 4— manifold with symplectic 
canonical class K. Then SW%(£ K -i) = 1 when b+ > 1, and SW°_(£ K -i) = 1 
when b + = 1. 

An involution on the set of Spin c structure induces the following symmetry of 
the Seiberg-Witten invariants, 

Symmetry Lemma 2.3 ([W]). Let M be a symplectic 4— manifold with b + = 1 
and symplectic canonical class K. Then, for any integral class e, 

SWt t+ {C K -i ® e) = {-l)^- i+b+ V 2 SW^_{£ K -i ®{K- e)). 

Notice that, by the symmetry lemma and Theorem 2.2, we have SW®(£ K -i <g> 
K) = ±1. 

The following inequalities constrain the range of symplectic forms. 
Theorem 2.4. Let M be a smooth, closed oriented 4— manifold. 

1 ([T2]). Suppose M has b + > 1 and e is represented by a symplectic form u> with K 
as its symplectic canonical class. If L is an integral class such that SW^IC^- 1 <8>L) 
is nontrivial, then K ■ e > L ■ e with equality only if K = L. 

2 ([LL2]). Suppose M has b + = 1. Suppose e\ and are represented by symplectic 
forms with Ki and K 2 as their symplectic canonical classes respectively, and satisfies 
e\ ■ e 2 > 0. Then K\ ■ e\ > K 2 ■ ei, and equality holds only if K\ — K 2 is a torsion 
class. 

§2.2. Gromov- Taubes invariants of symplectic 4— manifolds 

Let M, w be a closed symplectic 4— manifold with symplectic canonical class 
K. Like the Seiberg-Witten invariants, the Gromov- Taubes invariants, introduced 
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by Taubes in [T3], are defined for any class e G H 2 (M;Z) and takes values in 
©A*fT 1 (M;Z). 

When e is a nonzero integral class, introduce the Gromov-Taubes dimension: 

d(e) = e ■ e — K ■ e. 

d(e) is the expected maximal complex dimension of the components of pseudo- 
holomorphic curves (the domain of the curves can be any Riemann surfaces with 
arbitrary number of connected components) representing e. 

If d(e) > 0, fix an integer p G {0, 1, • • •, d} and then fix 71 A ■ ■ • A 72^ G 
A 2p Hi(M;Z). As in the case of Seiberg-Witten invariants, it suffices to define 
Gr u) (M,e) (71 A ••■ A 72 P )- Fixing a compatible almost complex structure J, let 
H(e, J, Z, T) be the set of J— holomorphic curves representing e, and passing through 
a set of d — p points Z, and intersecting T, a set of 2p disjoint circles representing 
7i»'--»72p- 

For generic J, Z and T, H(e, J, Z, T) has the following properties: 

1. 7i(e, J, Z, T) is a finite set. 

2. Let ft G 7i(J, Z, T). Let Ci,---,Ck be the irreducible components of ft which 
represent the classes ei, • • • , e& and have multiplicities mi, • • • , m/j. Then Ci, • • • , Ck 
are embedded and disjoint. 

3. rrij = 1 unless Cj is a torus and e 2 = 0. 

4. e| > —1, and e 2 = —1 only if Ck is a sphere. 

5. To each ft G 7i(e, J, Z, T), an integer q(h) can be assigned in a delicate way. 

Definition 2.5. When e is the zero class, Gr CJ (M 7 0) is simply defined to be 1. 
When e is not zero, fix 71 A • • • A 7 2p G A 2p Hi(M; Z). Choose generic (J, Z, T) with 
the salient properties above. Gr u (M, e) (71 A ■ ■ • A 72 P ) is then defined to be Q(h) ■ 

When there is no confusion, we will freely drop M from Gr U} (M, e). 

The Gromov-Taubes invariants are independent of the choice of the generic 
(J, Z, r). In fact they only depend on the deformation class of the symplectic form 
and it is natural with respect to diffeomorphisms. A version of Gromov-Taubes 
invariants was introduced by Ruan in [R3]. It was also shown in [IP] that the 
Gromov-Taubes invariants can be constructed from the Ruan-Tian invariants in 
[RT]. 

Suppose e is a class with non-trivial Gromov-Taubes invariant. Then for generic 
J, Z, r), there exists a J— holomorphic curve ft representing e satisfying the proper- 
ties 2-4 above. Since any embedded J— holomorphic curve is an embedded symplec- 
tic surface, it is clear that, if rrij = 1 for all j, then e is represented by an embedded 
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symplectic surface. If rrij > 1 for some j, then Cj is a torus with square zero. In 
this case, we have the following simple fact. 

Lemma 2.6. Let M be a symplectic 4— manifold and e be an integral class with 
square zero. If e can be represented by connected embedded symplectic surfaces, 
then a positive multiple of e can also be represented by embedded symplectic sur- 
faces. 

Proof. Let C be a connected embedded symplectic surface representing e. By the 
symplectic neighborhood theorem, the tubular neighborhood of C is symplectically 
a product C x D 2 , where D 2 is a 2-disk. For any positive integer n, pick n points 
in D 2 and we get n disjoint embedded symplectic surfaces whose disjoint union 
represents ne. The proof is complete. 

Thus by Properties 1—4 and Lemma 2.6 we have 

Theorem 2.7 ([T4]). Let M be a symplectic 4-manifold. If e G H 2 (M;Z) and 
Gr^ (e) is non-trivial, then e can be represented by an embedded symplectic surface 
whose only components with negative square are spheres with square —1. 

Given a symplectic sphere E with square -1 in M, one can replace a neighbor- 
hood of E by a symplectic ball to obtain a new symplectic 4-manifold. This process 
is called (symplectic) blowing down. The reverse process is called (symplectic) 
blowing up (at a point in the symplectic ball) . 

Let £m,uj be the set of classes which are represented by symplectic —1 spheres. 
M is called symplectically minimal if £m,uj is empty. 

Since every symplectic 4-manifold M can be obtained by blowing up a minimal 
symplectic 4-manifold N at a number of points (see [Mc4]), the following blow 
up formula is useful to compute the Gromov-Taubes invariants of non-minimal 
symplectic 4-manifolds. 

Theorem 2.8 (see [LL4]). Let M, oj be a symplectic 4-manifold with b + = 1. 
Suppose E G £m,lo is represented by the symplectic sphere E. Let N,f3 be the 
symplectic manifold obtained by blowing down E. If v G H 2 (N; Z) and u = v — IE 
for some integer /. Then, under the canonical identification between A* H 1 (N;Z) 
and A*H 1 (M; Z), 

Gr^M.u) = Pr{2d(u))Grp{N,v). 

Here pr(2d(u)) is the projection from A*H 1 (M; Z) to A'H^N; Z). 

§2.3. Equivalence between SW and Gr in the case b + = 1 

In this subsection, M is a symplectic 4— manifold with b + = 1. Another fun- 
damental and deep result of Taubes ([T3]) is 

Theorem 2.9. Let M, oj be a symplectic 4-manifold with b + = 1. 
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1. If SW UJ ,-(C-K-'t-®e) is non-trivial, then there are positive integers rii and classes ej 
such that e can be written as e = Yli n % e i an d ei is represented by an uj— symplectic 
surface. In particular, if SW^^^x-i <8> e) is nonzero, then e • u > and e ■ uj = 
only if e = 0. 

2. If M is minimal, then SW^,- = Gr^. For a non-minimal symplectic 4-manifold, 
the above conclusion holds with the additional assumption that 

e • E > -1 for each £ G £ w (2.2). 

For classes violating the condition (2.2), SW U ,- and Gr w are different. To 
extend the equivalence to those classes McDuff introduces a map Gr' w (see [Mc2]). 
It is a variation of the map Gr which takes into account multiply covered —1 spheres, 
and coincides with Gr^ for all classes satisfying (2.2). It was shown in [LL4] that 
indeed Gr' w = SW Wj - for all classes not satisfying (2.2). 

§3. Uniqueness of symplectic canonical class 

In this section we will present the proof of Theorem 1 and Corollary 1, which 
rely on the computation of the Seiberg-Witten invariants. 

We start with citing the following simple lemma concerning the intersection 
pairing of a 4— manifold with b + = 1 is very useful (see [LL2]). 

Lemma 3.1 (Light cone lemma). Suppose M is a manifold with b + = 1. Let A 
and B be 2 classes in H 2 (M; R) with A 2 > 0. 

1. If B ■ A = 0, then B 2 < 0. And B 2 = iff A 2 = and B = rA up to torsion. 

2. If A and B are all in the closure of the forward cone, then A ■ B > 0. 

Now we turn to the computation of the SW invariants. 

Lemma 3.2. Let M, to be a minimal symplectic manifold with b + = 1 and the 
symplectic canonical class K. Let e be a class in H 2 {M; Z). 

I. Suppose K 2 > and K ■ uj > 0. 

If [K~ x + 2e) • uj > and SW Ui+ (£ K -i (g> e) is non-trivial, then 

1.1. e = K if if 2 > or if is a torsion class. 

1.2. e = rK for some rational number r G [1/2, 1] or 2e — if is a torsion class if 
K 2 = 0. 

II. Similarly, if {K~ x + 2e) • cj < and SW^.-^k- 1 <H> e) is nontrivial, then 
ILL e is the zero class if K 2 > or K is a torsion class. 

II. 2. e = rif for some rational number r G [0, 1/2] or 2e — if is a torsion class if 
if 2 = 0. 
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Proof. Since K 2 > and K ■ uj > 0, K is in the closure of the forward cone. 
Case I: (C K -i + 2e) • uj > and SW^^Cr- 1 ® e ) is non-trivial. 
By the Symmetry lemma 2.3, 

SW^ + (C K -i ® e) = ±SWi t _(C K -i <g> 2(K - e)). 

Thus SW U ,-(C K -i <g) 2(K - e)) is non-trivial. By Theorem 2.9, if K ^ e, then 
[K — e) • uj > and Gr^iK — e) is non-trivial. Furthermore, since M is minimal, 
by Theorem 2.7, K — e is represented by an embedded symplectic surface whose 
components all have non- negative square. So (K — e) 2 > and K — e is in the 
forward cone. 

Let us first deal with the case that K is a torsion class. Since K ■ uj = 0, we 
see that e • u > 0. And if e 7^ e • u = (e — • u < 0. This is a contradiction. 
Therefore, in this case, e must be equal to K. 

Now let us treat the case that K is not a torsion class. Since K — e is in the 
forward cone, 

(K-e)-K>0 (3.1). 

Suppose (K~ x — 2e) - a; = 0, then K — 2e is a torsion class. The Seiberg-Witten 
dimension of £x-:L® e 5 which should be positive, is then given by e-e—K-e = —K 2 /2. 
Since K 2 is assumed to be non-negative, we must have K 2 = 0. 

Now assume that (K~ l + 2e) • cj is strictly positive. So there is a c > 1 such 
that (K - c(K" 1 + 2e)) • w = and hence (K - c^" 1 + 2e)) 2 < 0, with equality 
only UK — c(K~ x + 2e) = 0. However, 

(K - c(_ftT -1 + 2e)) 2 = ((1 + c)K - 2ce) 2 

= (1 - c) 2 K 2 + 4c(K 2 - e ■ K) + 4c 2 (e 2 — e • K). 

All three terms are non-negative, the first by assumption, the second by (3.1), the 
third being the Seiberg-Witten dimension of Ck- 1 ® e - 

When K 2 > 0, equality holds if and only if c = 1, and thus (K — e) ■ uj = 0. 

When K 2 = 0, equality holds if and only if e 2 = e • K = 0. Since if is not a 
torsion class, by the light cone lemma 3.1, e = rK. r is no bigger than one since 
(K — e) ■ uj > and r is no less than 1/2 since (K~ l + 2e) ■ u; > 0. We have thus 
finished the proof of case I. 

Case II: (K~ x + 2e) • a; < and SW^-^-i (g> e) is non-trivial. 

Then (if -1 + 2(K - e)) • oj > and SW^^Ck-i ® (K - e)) is non-trivial. 
Thus we can similarly determine K — e and hence e itself. The proof of the lemma 
is complete. 
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We will need the wall crossing formulas in [LL1], [LL4] (see also [00] and 
[OT]). 

Lemma 3.3. Let M, w be a symplectic 4-manifold with b + = 1 and symplectic 
canonical class K. Let e be a class in H 2 (M;Z). When b + = 1, the choice of 
the forward cone is just an orientation of the line H + = A b+ H + , so it induces an 
orientation of A^H 1 . 

1. Suppose d(e) > b\. Let 7i---,7b 1 be a basis of Hi(M;Z) /Torsion such that 
71 A ■ • • A 7 P is the dual orientation of the symplectic orientation on A bl H 1 (M; Z). 
Then 

SW»]_(£ K -i ® e; 71 A • • • A 7p ) - SW*] + (£ K -i ® e; 7l A • • • A lp ) = 1. 

2. Suppose d(e) > and A 2 H 1 (M;Z) is of rank 1. Let 7 be the generator of 
A 2 H 1 (M; Z) C H 2 (M; Z) such that u ■ 7 > 0, then 



SW^_(jC k -i ® e) - ® e) = 



(K" 1 + 2e) -7 



Lemma 3.4. Let M be a rational or irrational ruled symplectic 4— manifold with 
symplectic canonical class K. For any class e G H 2 (M;Z), SW® _(C K -\ ® e) is 
non-trivial if (K~ l + 2e) is in the forward cone and d(e) > 0. 

Proof. Choose a metric g of positive scalar curvature on M. With such a metric and 
the zero self-dual 2-form, the Seiberg-Witten moduli space of each Spin c structure is 
empty ([W]). Since K~ 1 +2e is assumed to be in the forward cone, (K~ 1 +2e)-ujg > 0, 
where u> g is the unique self-dual harmonic 2-form in the forward cone. So the pair 
(gr, 0) is in the positive chamber for the Spin c structure C K -i <g> e. We thus find 
that SWuj^^k-i <g> e) = 0. For a rational 4-manifold, b\ = 0, the conclusion then 
follows from part one of Lemma 3.3. For an irrational ruled 4-manifold, b\ > 2 
and 7 is nonzero. Since (K~ x + 2e) is in the forward cone and 7 has square zero, 
(K~ x + 2e) • 7 is nonzero. Hence the conclusion in this case follows from part two 
of Lemma 3.3. 

Now we need to review the notion of minimal reduction. Recall we defined 
Em in §1, and M is said to be (smoothly) minimal if Em is empty. Obviously, if 
M is a symplectic 4-manifold, Em,w is a subset of Em, and so M is symplectically 
minimal if it is (smoothly) minimal. In fact it follows from the results in [LI] that 
the reverse is also true. 

Any 4-manifold M can be decomposed as a connected sum of a minimal man- 

2 

ifold iV with some number of CP . Such a decomposition is called a (smooth) 
minimal reduction of M, and iV is a minimal model of M. M is said to be rational 
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if one of its minimal models is CP 2 or S 2 x S 2 ; and irrational ruled if one of its 
minimal models is an S 2 — bundle over a Riemann surface of positive genus. When 
M has non-empty symplectic cone and is not rational nor irrational ruled, M has 
a unique minimal reduction (see [LI] and also [Mc3]). 

The only minimal rational manifolds are CP 2 and S 2 x S 2 . And a non-minimal 
rational manifold has two kinds of decompositions. It is either decomposed as 
CP 2 j^lCP or as S 2 x S 2 #(l - 1)CP . We will always use the first decomposition 
and call it a standard decomposition. The picture for irrational ruled manifolds is 
similar. S 2 — bundles over a Riemann surface of positive genus are the only minimal 
irrational ruled manifolds. Fix the base surface £ 3 , there are two S 2 — bundles over 
it, the trivial one S 2 x E g and the unique non-trivial one S 2 xE s . A non-minimal 
irrational ruled manifold also has two types of decompositions. It is either decom- 

2 ^ 2 

posed as S 2 x T, g #lCP or as S 2 xT, g #lCP . We will use the first decomposition 
and call it a standard decomposition. 

Let H be a generator of H 2 (CP 2 ; Z) and Fi,...,Fi be the generators of H 2 of 

2 

the CP . Let U and T be classes in S 2 x E ff represented by {pt} x E ff and S 2 x {pt} 

2 

respectively. H, Fi, . . . , Fi are naturally considered as classes in H 2 (CP 2 #ICP ; Z) 
and form a basis. We will call such a basis a standard basis. Similarly, 
U, T, Fi, . . . , Fi are naturally considered as classes in H 2 (S 2 x ~E g #lCP ; Z) and 
form a basis. Such a basis is also called a standard basis. On CP 2 j^lCP , let 
K = -m + £\ Ff, and on S 2 x E g #/OP 2 , let K = 2U + (2 - 2g)T + £. F h By 
the blow up construction (see e.g. [Mcl]) Kq is a symplectic canonical class. 

For a 4-manifold M and a choice of symplectic canonical class K, recall the set 
of K— exceptional spheres introduced in §1 is Ek — {E £ £\K • -E 1 = — 1}- We will 
need the following facts about Ek- 

Lemma 3.5. Let M, uj be a symplectic 4-manifold with if as its symplectic canon- 
ical class. 

1. Let / be a diffeomorphism, then £f*K = f*£x- 

2. Ek = £uj, i- e - every class in Ek is represented by an a;— symplectic exceptional 
sphere. Moreover, if E±, E p e Ek are pairwise orthogonal, then they are repre- 
sented by p disjoint uj— symplectic spheres. 

3. If Ei and E^ are two distinct classes in Ek, then Ei ■ E2 > 0. 

4. Suppose M is not rational nor irrational ruled and it has a smooth minimal 

2 2 

reduction N#ICP . with F, a generator of H 2 of the i-th CP . If we let Si = K-Fi, 
then <5j = ±1 and 

E K = {-S 1 F 1 ,...,-S l F l }, 
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Proof. C is a — 1 sphere symplectic with respect to 10 if and only if f~ l (C) is a — 1 
sphere symplectic with respect to f*uj. Since the (cohomology) class represented by 
/ _1 (C) is the pull back of the (cohomology) class represented C, and the symplectic 
canonical class of f*u is f*K, we have f*£>K = £f*K- 

2 was proved in [LL2] and [T3], and 3 follows from 2 and the fact proved in 
[Mcl] that, if Ei and F 2 are in £ w and distinct, then E\ ■ E 2 > 0. Finally 4 was 
proved in [LI]. 

Proposition 3.6. Suppose M, uj is a symplectic 4-manifold with symplectic canon- 

2 

ical class if. Suppose it has a (smooth) minimal reduction Njj^lCP . Let Fj be 

a generator of H 2 of the i— th CP . Then there is a symplectic form /3 on N, 
such that (M, a;) is obtained by blowing up (AT, (3) at / points. Moreover, there is a 
diffeomorphism carrying K to V ± F\ + .... ± Fj, where V is a symplectic canonical 
class of AT. 

Proof. When there are / disjoint uj— symplectic —1 spheres in M, we can simul- 
taneously blow them down to obtain a symplectic 4-manifold N'. Suppose these 
uj— symplectic spheres represent F[, ...,F[ and V is the symplectic canonical class 
of N' . Then K = V' + F[ + ... + F[. And if there is a diffeomorphism <p such that 
4>*F( = ±Fj for each i, then N' is diffeomorphic to N. 

We start with the easier case when M is not rational nor ruled. By Lemma 3.5, 
= {SiFi, SiFi}, where Si = ±1. Since Fj • Fj = for each pair i ^ j, we can 
find / disjoint uj— symplectic spheres representing diFi, 6iF[. Blowing down these 
spheres, we obtain a symplectic 4— manifold N, (3. If V is the symplectic canonical 
class of p, then K = V + 6^ + ... + SiF t . 

Suppose M is rational or irrational ruled. The Fj are represented by disjoint 
smoothly embedded —1 spheres. By the proof of Theorem 1 in [LI], there exists a 
diffeomorphism <j>i such that F( = 4>\Fi satisfies F( ■ K = — 1. 

To describe the diffeomorphism, recall that if a is a class with square —1, then 
one can define an automorphism of H 2 , the reflection R(a) along a, as follows: 

R(a)(3 = P + 2(P ■ a)a. 

And if a G £, then the reflection is realized by a diffeomorphism. 

(pi is in fact constructed as a composition of reflections along a series of classes 
Yi, Yp represented by symplectic -1 spheres. Moreover, if we go through the 
proof carefully and use the fact, mentioned in the proof of Lemma 3.5, that two 
uj— symplectic -1 spheres in two distinct classes have non-negative intersection, we 
find that the classes Yi have the following property: if A is represented by an 
uj— symplectic -1 sphere and A ■ Fi = 0, then A ■ Yi = for each i. Therefore A is 
invariant under (pi. 
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The class (fr^Ei-i is still represented by a smoothly embedded — 1 sphere. By 
repeating the above process, we find a diffeomorphism 4>l-\ such that 0jLi0* • 
if = —1. Moreover, since i 7 / = <^*-F) is orthogonal to <fi*Ei-\ and represented 
by an u— symplectic -1 sphere, 4>*-i^l = F[- Repeating this process / — 2 more 
times, we get / — 2 more diffeomorphisms <f>i-2, (f>i such that the diffeomorphism 
4> = 0i o ... o has the property that <p*Fi ■ K = — 1 for each i. Therefore we 
find that the symplectic 4-manifold M, to can indeed be blown down to a symplectic 
4— manifold diffeomorphic to N. 

To prove the last statement, consider to' = 4>*to. Its symplectic canonical class 
is (p*K and Fj • (p*K = — 1. So we can blow down / disjoint to'— symplectic -1 
spheres in M, to' to obtain a symplectic 4— manifold diffeomorphic to N. If V is the 
symplectic canonical class, then <p*K = V + F\ + ... + Fi, i.e K is carried by <fi to 
V = Fi + ... + F[. The proof is complete. 

We are ready to prove Theorem 1. 

Theorem 1. Let M be a smooth, closed oriented manifold with b + = 1. There 
is exactly one equivalence class of symplectic canonical classes. In fact, if M is 
minimal, the symplectic canonical class is unique up to sign. 

Proof. We first prove that, when M is minimal, if K is a symplectic canonical class, 
then the only other symplectic canonical class is —K. 

Case 1. M not rational nor irrational ruled. 

Fix an orientation-compatible symplectic structure uj and let K be its symplectic 
canonical class. We have K • u > and K 2 > by [Liu]. Suppose Co is another 
orientation-compatible symplectic form and K is its symplectic canonical class. 
Since the symplectic canonical class of —Co is just —K, we can assume that Co and u 
are in the same component of the positive cone so they determine the same forward 
cone. Again we have K ■ to > and SW^(C R . 1 ) = 1. Thus SW^C^ ® K) = ±1 
by the symmetry lemma 2.3. 

The Spin c structure £^-1 <8> K is of the form C K -\ <S> e for some class e. Com- 
paring the determinant line bundles, we have 

R- 1 + 2K = R- 1 + 2e, 

and so 2e = K + K. To prove that K = K, it suffices to show that e = K. 

Since K is in the closure of the forward cone, we have (K~ l + 2e) • u; > 0. By 
the first part of Lemma 3.2, if K 2 > or K is a torsion class, e is equal to if. 
Therefore K = K in this case. 

By the second part of Lemma 3.2, in the remaining case when K 2 = and 
K is not a torsion class, either e = rK for some rational number r < 1 or 2e — if 
is a torsion class. Since 2e = K + K, we have either if = (2r — l)if for some 
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rational number r E [1/2, 1], or 2K — K is a torsion class. In both cases, it is easy 
to see that K 2 = and K is not a torsion class. Now if we start with uj and K 
and repeat the argument above, we conclude that either K = (2r — 1)K for some 
rational number f G [1/2, 1], or 2K — K is a torsion class. Comparing the two sets 
of relations, we find that, since K and K are not torsion classes, the only possibility 
is K = (2r - l)K and K = (2f — l)K with r = f = 1. Therefore K = K. 

Case 2. M rational or irrational ruled. 

In this case it is proved in [LL2] . For the convenience of readers, we briefly present 
the argument here. Let us recall that a classical theorem of Wu states that a 
class c is the first Chern class of an almost complex structure on M only if c 2 = 
2x(M) + 3a(M) and its mod 2 reduction is W2(M). This fact alone determines 
the choice of the symplectic canonical classes up to sign when M is CP 2 or an 
S 2 — bundle over S 2 via a simple calculation. 

When M is irrational ruled, the main observation is that, because M has 
a metric of positive scalar curvature, by the above mentioned result in [W] and 
Theorem 2.2, one concludes that the wall crossing number of K~ x must be one. By 
Lemma 3.3, 

K~ x ■ 7 = 2SW Q _(C K -i) - 2SWl(C K -i) = 2 (3.2). 
Invoking Wu's theorem, we again find the choice of K is unique up to sign. 

2 

Now suppose M is non-minimal. Let Njj^lCP be a minimal reduction of 
M. Suppose V is a symplectic canonical class of N, then we have just proved 
that the only other symplectic canonical class on iV is —V. Given any symplectic 
canonical class K of M, by Proposition 3.5, there is a diffeomorphism carrying K 
to V ± Fx + ... ± Fi or — V ± Fi + ... ± Fi, Using reflections along Fj, we see all 
the symplectic canonical classes of M can be carried to either V + F\ + ... + F\ or 
— (V + Fx + ... + Fi). Therefore they are all equivalent. The proof of Theorem 1 is 
finished. 

Let /C be the set of the symplectic canonical classes. We can often give a 
concrete description of /C. 

When M is rational and b~ < 9 (b~ is the dimension of a maximal subspace 
of if 2 (M;R)), K, is the set of characteristic classes with square 2%(M) + 3cr(M), 
since it was shown in [LL2] that the group of diffeomorphism acts transitively on 
this set. 

When M is not rational nor ruled, let V be a symplectic canonical class of N, 
it is easy to see from Theorem 1 and Proposition 3.6 that 

K, = {±V±F 1 ---±F l }. 
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Proposition 3.7. Suppose M is irrational ruled and is given a standard minimal 
reduction (S 2 x E/ l )#ZCP and a standard basis. Let D be the set of (Z + l)— tuples 
d = {e, ci, ci} with e = ±2 and q odd. For each d G D define 

Then /C = {K d |d G D}. 

Proof. In this case 7 = T. By the equation (3.2), if K = all + bT + CiF is in 
/C, then a = ±2. And since K is characteristic with square 8 — 8(7 — /, if must be 
of the form for some d G D. 

To show that K d G /C, it suffices to show that K can be carried to K d by 
a composition of reflections along classes in S. Since T and Fi are represented by 
disjoint spheres, and T is of square zero, it is easy to see that — kT — Fi is in S for 
any k and i. Let e = at/ + bT + £V c^Fj. Under the reflection r!_ x along Fj, 

q — >■ — a — ► a, 6 — > 6, Cj — > Cj if j 7^ i. 

Under the reflection along — kT — F, 

Ci — >■ 2ka — Ci, b — ► b + 2(—ka + Ci)k, a — > a, Cj — > Cj if j 7^ i. 

Let d G D be a sequence with e = 2. Write Q as 4fci — 7~i with = ±1. Denote 
the identity on H 2 (M; Z) also by r\ for each i. Then 

K d = (^ 1 o/ 1 ^)o...o(^o/^)(^o) (3.3) 

and thus is in /C. For the case e = —2, we just have to observe that K- d = —Kd- 
In fact we have just proved that the set K, is given by {K^, d G D}. 

Corollary 1. Let M be a smooth, closed oriented 4— manifold. The number of 
equivalent classes of the symplectic canonical classes is finite. 

Proof of Corollary 1. If M is a smooth, closed oriented 4— manifold with b + > 1, 
the number of Spin c structures C such that SW{C) is non-trivial is finite ([W]). 
This corollary simply follows from this fact, Theorem 2.2 and Theorem 1. 

Corollary 3.8. Let M be a minimal 4— manifold with b + = 1 and non-empty 
symplectic cone. Suppose if is a symplectic canonical class. If is a diffeomorphism, 
then (j)*K = ±K. 

Proof. Let be a diffeomorphism. Since <fi*K is the symplectic canonical class of 
4>*uj, This corollary is immediate from the proof of Theorem 1. 
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It follows from Corollary 3.8, up to sign, the action of on H 2 is determined 
by its restriction to L, the orthogonal complement of K in H 2 (M; Z). If K 2 > 0, 
then L is negative definite, and therefore it has only finitely many automorphisms. 
Since K 2 = 2%(M) + sa(M) > 0, we have the following generalization of Corollary 
4.8 in [FM2], 

Corollary 3.9. Let M be a minimal closed, oriented 4— manifold with b + = 1 and 
non-empty symplectic cone. Let D(M) be the image of diffeomorphisms of M in 
the automorphisms of H 2 (M; Z). Then D(M) is finite if 2x(M) + 3a(M) > 0. 

§4. C and C K 

In this section, we are going to determine the K— symplectic cone and the sym- 
plectic cone for a closed oriented 4-manifold with b + = 1 and non-empty symplectic 
cone. 

We start with some general properties of the K— symplectic cone. 

Proposition 4.1. Let M be a closed, oriented 4— manifold and K be a symplectic 
canonical class. 

1. If K' is another symplectic canonical class, then Ck H Ck 1 is empty. 

2. Let / be a diffeomorphism, then /*Ck = Cf*K- 

3. Suppose M has b + > 1 and &i, 6; are the classes such that SW(£ K -i <g> hi) is 
non-trivial. Then 

C K C {e G P|e • K > and e • K > \e ■ 6,|for all b, ^ ±K }. 

Proof. We first claim that K — K' can not be a non-zero torsion class. In the case 
b + > 1, this follows from Theorem 2.4.1; in the case b + = 1, this is due to Theorem 
1. Thus if e G Ck and e' G Ck 1 , we have by Theorem 2.4 

K ■ e > K' ■ e and K ■ e < K' ■ e . 

Consequently e^e' and the first part is proved. 

If u; is a symplectic form with K as its symplectic canonical class, then f*u is 
symplectic with f*K as its symplectic canonical class. Therefore the second part 
holds. 

The last part follows directly from Theorem 2.4. The proof of the proposition 
is complete. 

We would like to remark that, for all the known manifolds with trivial K, 
which is either the K3 surface, or a T 2 — bundle over T 2 , the third part is in fact 
an equality. Indeed if K is trivial, then the only Seiberg-Witten basic class is and 
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the righthand side is just TV. When M is a T 2 — bundle over T 2 , K is trivial and 
it has been shown explicitly in [G] that all classes in V can indeed be represented 
by symplectic forms. For K3 surface, this is also the case. 

§4.1. When M is minimal 

In this subsection, M is a minimal closed, oriented 4— manifold with b + = 1. 
We will first describe the set Ak- The knowledge of Ak is then used to provide a 
complete description of Ck- 

Proposition 4.2. Let M be a minimal symplectic 4— manifold with b + = 1. Let 
e G H 2 (M) be a class in the forward cone. If e — K is in the closure of the forward 
cone and is not equal to zero, then e is represented by connected symplectic surfaces. 
In particular for N big, Ne is represented by connected symplectic surfaces. 

Proof. The assumption that e being in the forward cone and e — K in the closure 
of the forward cone implies that (e — K) ■ e > 0. Since d(e) = (e — K) ■ e is even, we 
have d(e) > 2. It also implies that 2e — K = e + (e — K) is in the forward cone, thus 
(K- 1 + 2e)-u>0. By Lemmas 3.2-3.4, SW°_(£ K -i e) or SW%_(£ K -i ® e) 
is nontrivial if M is ruled or d(e) > b\. But if M is non-ruled, then b\{M) < 2 
by [Liu]. Therefore, under the assumption, SW^^K -1 ® e) is non-trivial. By 
Theorems 2.9(1) and 2.7, e is represented by an embedded symplectic surface. 

Finally we prove this surface is connected. Since M is assumed to be minimal, 
every component has non-negative square. Since e is in the forward cone, e 2 is 
positive. Therefore at least one component has positive square. If the surface has 
more than one component, then it violates the Light cone lemma 3.1. The proof is 
complete. 

Theorem 2. Let M be a minimal closed, oriented 4— manifold with b + = 1 and K 
be a symplectic canonical class. Then 

Cm,k = TV(K). 

Consequently, any real cohomology class of positive square is represented by an 
orientation-compatible symplectic form. 

Proof. Fix a symplectic form uj whose symplectic canonical class is K. Since being 
symplectic is an open condition, we can assume that [uj] is an integral class. 

We first show that any integral e in the forward cone is in the K— symplectic 
cone. The first step is to show that, for a large integer /, le — [uj] is represented by 
a symplectic surface. Indeed if I is large, since uj ■ e > 0, le — [uj] is in the forward 
cone and (le — [uj]) — K is in the closure of the forward cone. Thus by Proposition 
4.2, le — [a;] can be represented by a symplectic surface. Given a symplectic surface 
C with non-negative self-intersection, the inflation process of Lalonde and McDuff 
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constructs a judicious Thorn form p, representing the Poincare dual to the class of C 
and supported in an arbitrarily small neighborhood of C, such that uj + up remains 
symplectic for all positive number k. Thus le = [uj] + (le — [uj]) is represented by a 
symplectic form. 

Since any positive real multiple of a symplectic form is a symplectic form with 
the same canonical class, we have shown that any real multiple of an integral class is 
in the K— symplectic cone. To show this is true for a general class a in the forward 
cone, we use a trick in [Bil]: a can be written as a = YH=i a ii where the rays of 
are arbitrarily close to that of a and each aij = Sifli for some positive real number 
Si and an integral class Fix such a decomposition such that each beta^ is in the 
forward cone. Our strategy is to show inductively that for any q, J2i=i a i ls m the 
K— symplectic cone. 

Since we know ct\ is in the K— symplectic cone, we can choose a symplectic form 
u>i with «i = [u>i\. For a large integer /, since @2 • w\ > 0, by Proposition 4.2, l(3 2 is 
represented by an a; 1— symplectic surface. By the inflation process, a± + k(1(3 2 ) is 
represented by a symplectic form for any real number k. If we choose k = Si/l, then 
we find that ct\ + a 2 is in the K— symplectic cone. Now choose a symplectic form ui 2 
with [0)2] = ai + OL2- It can be shown in the same way that Ifls is represented by a 
^2 — symplectic surface and {a\ + a 2 ) + 013 is in the K— symplectic cone. Repeating 
this process, we find that a is in the K— symplectic cone. Thus we have shown that 
C K =J=V. 

The last statement is clear now because any nonzero real multiple of an 
orientation-compatible symplectic form is still such a form. The proof is complete. 

Let us remark that Donaldson's result mentioned in §1 fits nicely with our 
results. Indeed, if e G TV ', Theorem 2 tell us that e can be represented by a 
symplectic form uj. Donaldson's construction then produces u— symplectic surfaces 
representing large multiples of e. 

§4.2. When M is not minimal 

In this subsection M is a non-minimal 4-manifold with b + = 1 and non-empty 
symplectic cone. 

The following result is the analogue of Proposition 4.2. 

Proposition 4.3. Let M be a symplectic 4— manifold with b + = 1 and symplectic 
canonical class K. Let e G H 2 (M) be a class in the forward cone. Assume that 
e — K is in the closure of forward cone and e — K 7^ 0. Further assume that e-E > —1 
for all E G E w . Then e can be represented by a symplectic surface. Furthermore, if 
e ■ E > for all E G £ w , then the symplectic surface is connected. 

Proof. Let iV be a (symplectic) minimal reduction of M, i.e. iV is minimal and 
M is obtained from iV by blowing up some number of points. Let F±, ...,Ek be 
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the exceptional classes for the blow down map M — > N and V be the symplectic 
canonical class of N. Thus Fj G £ u and K = V + Write e as e' — ^n^. 

Then 

e' ■ e' = e ■ e + 

e' ■ V = e ■ K - m 

e'-V = (e-K) + ^(n, + l)F,. 

So e'-e' > and e' — Kn is in the closure of the forward cone. If we use Gr % {M, e) to 
denote the part of Gr w (M, e) in A i H 1 (M; Z), then, by Proposition 4.2, Gr°(N, e') 
or GV 2 (iV,e') is nonzero. Since d(e) > 2, by Theorem 2.8, Gr°(M,e) or GV 2 (M,e) 
is nonzero. Now the proposition follows from Theorems 2.9(1) and 2.7. 

A slightly weaker version of Propositions 4.2-4.3 appeared in [MS] and [Mc3] 
(see Lemma 2.2 in [Mc3] and the proof of Proposition 4.11 in this paper). I. Smith 
informed us that via a construction using Lefschetz fibrations, he and Donaldson 
obtained similar results about the existence of symplectic surfaces. 

For any two subsets U and F of H 2 (M), we define 

U F = {e e U\e ■ f > for any f £ F }. 

Theorem 3. Let M be a smooth, closed oriented 4— manifold with b + = 1 and K 
be a symplectic canonical class. Use any class in VLk to define the forward cone. 
Then 

C K = TV £k 

Proof. By Lemma 3.5(1) Ck is contained in TVe k . To prove the inclusion in 
the other direction, we fix any integral symplectic form 10 on M with K as its 
symplectic canonical class. Let e be an integral class in TVe K . Since for a large 
integer /, le— [u>] and (Ze— [uj] — K are both in the forward cone, and le-E > for any 
E G £ w by Lemma 3.5, le — [uj] is represented by a connected u— symplectic surface 
by Proposition 4.3. By the inflation process, we find that e is in the K— symplectic 
cone. 

To pass to a general class a G TVe k , we notice that Biran's trick still works 
here. Since TVe k is open, a can be written as a sum ^ o^, where = Sifii for 
some positive real number and (3i is integral and lies in TVe K . The rest of the proof 
is exactly the same as that in Theorem 2. The proof is complete. 

We would like to point out that an amusing fact from Theorems 2 and 3 is 
that, in the case b + = 1, Ck is a convex set, which is not obvious at all from its 
definition. 
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We would also like to speculate on the relation between the Kahler cone and the 
K— symplectic cone for Kahler surfaces with b + = 1 (or equivalently zero geometric 
genus), q 

In the case of a rational surface, it is not known whether the Kahler cone can 
be as big as the symplectic cone. By Nakai-Moishezon's criterion for ampleness, for 
a rational surface, the Kahler cone is simply the set of real cohomology classes with 
positive square, which are positive on any irreducible curves with negative squares. 
In light of Theorem 5, this is true if one can show that for any integer s, there are 
s generic points on the projective plane such that, on the rational surface obtained 
by blowing up these points, the only irreducible curves with negative squares are 
smooth rational curves with square — 1. It was observed in [MP] that this kind 
of question is related to Nagata conjecture on the existence of equisingular plane 
curves. The connection was also pointed out to the authors by Kollar. In fact some 
very interesting results addressing the connection has been obtained by Biran (see 
[Bi3]). In [FM], good generic rational surfaces are studied. For those surfaces, the 
only irreducible curves with negative squares are the exceptional curves and those 
representing K . Thus by Nakai-Moishezon's criterion for ampleness, the Kahler 
cone is given by 

{e G TV\e ■ C > for any holomorphic —1 curve C and e • K~ l > }. 

For general symplectic 4- manifold with b + = 1, for an almost complex structure 
J with K as the canonical class, we can introduce the J— symplectic cone 

Cj = {e G H 2 (M; R)|e has a symplectic representative compatible with J}. 

When J is integrable, Cj is just the Kahler cone. It would be nice to know when 
there exists J such that Cj=Ck- 

Now we will give prove Theorem 4, which characterizes C in terms of the set 
£. For this purpose we summarize some facts about £ in the next lemma. 

Lemma 4.4. Let M be a closed oriented 4— manifold with C non-empty. Suppose 

2 

M has a (smooth) minimal reduction N#ICP . Let Fi, F\ be the generators of 
H 2 of CP 2 . 

1. £ = LiKeic^Ki where K, is the set of symplectic canonical classes. 

2. If e G C and E e £, then e • E ^ 0. 

3. When N is not CP 2 nor an S 2 -bundle, £ = {±F U ±F Z }. 

Proof. Part 1 and 3 were proved in [LI]. We only have to prove part two. When 
b + > 1, it is due to Taubes [Tl]. The case b + = 1 is implicitly in [LI] and we will 
make it clear here. Suppose a; is a symplectic form in the class of e and K is its 
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symplectic canonical class. Since K is characteristic and E 2 = — 1, K ■ E is odd. 
In particular K ■ E = I ^ 0. Then by Lemma 2.2 and Theorem Tl in [LI], we find 
that IE or —IE is represented by a symplectic surface (not necessarily embedded). 
This implies that e • E ^ 0. The proof is finished. 

When M is rational or irrational ruled with b~ > 2, £ is in fact an infinite set. 
It is not hard to write down it explicitly when M is irrational ruled. When M is 
rational, it is determined in [LiL2] (it was also shown in [LL1] that every class with 
square —1 is in £ if b~ < 9). 

We start the proof of Theorem 4 in the easier case when M is not rational nor 
irrational ruled. 

Proposition 4.5. Let M be a smooth, closed oriented 4— manifold with b + = 1 
and Cm non-empty. If M is not rational nor irrational ruled, then 

C M = {e G V\e ■ E ^ for any E G £}. 



Proof. Suppose M is given a minimal reduction N#ICP . Let Fi,...,F/ be the 
generators of H 2 of the (TP 2 . By Lemma 4.4, £ = {±F U ±F t }. If e G C M , 
e G Ck for some K. By Lemma 3.5 and Theorem 3, and e • F^ ^ for any i. Thus 
we have shown 

C M C {e G V\e ■ E ^ for any £ G £}. 

Now let us prove the inclusion in the reverse direction. Suppose e G V and 
e ■ Fi ^ 0. If V is one of the two symplectic canonical classes of N, as mention in 
§3, any symplectic canonical class of M is of the form K = ±V ± F± ± ... ± Fj. By 
possibly changing e to — e, we can assume that e is in the forward cone determined 
by any symplectic canonical class of the form V+±Fi±...±F[. Let e« = (e-Fj) /\e-Fj\ 
and K = V + J2^F t . Then £ K = {eiFi, ejFj}, and e-e^F > 0. Therefore e G 
by Theorem 3. Thus we have shown that 

{eeV\e-E ^0 for any E G £} C C M - 

The proof of Proposition 4.5 is complete. 

To deal with the non-minimal rational and irrational ruled 4-manifolds, we 
need to introduce the notion of a reduced class. 

Definition 4.6. For a non-minimal rational manifold with a standard decomposi- 
tion CP 2 j^lCP and a standard basis {H, F±, . . . , F/}, a class £ = aH — Yl7=i 
is called reduced if 

f 6i > b 2 > ■ ■ ■ > b t > 
\a>b 1 + b 2 + b 3 . 
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For a non-minimal irrational ruled manifold with a standard decomposition S 2 x 

2 

E S #/CP and a standard basis {U, T,F±,..., Fi}, a class e = all + bT — CjFj is 
called reduced if 

f Ci > C 2 > • • • > Cl > 

^ a > Ci for any z. 

The following facts about reduced classes in [LiL2] are crucial. 

Lemma 4.7. Let M be a non-minimal rational or irrational ruled 4— manifold with 
a standard decomposition and a standard basis. 

1. There is a simple algorithm to transform any class of positive square to a reduced 
class via a diffeomorphism. 

2. Suppose e is a reduced class and E G £kt - Then e • > 0, and e • £7 > if E is 
not one of the Fj. 

Proposition 4.8. Let M be a non-minimal rational or irrational ruled 4-manifold. 
Then 

{e G P|0 < |e • £| for any E e £} = C M - 

Proof. Let M be given a standard decomposition and standard basis, so we can 
define reduced classes. Let e be a class in V such that e • E ^ for any E E £. 
By Lemma 4.7(1) e can be transformed to a reduced class by some diffeomorphism, 
say <p. On one hand, since the set S is preserved by the group of diffeomorphisms, 
4>*e ■ E 7^ for any E G S. On the other hand, since (jfe is a reduced class, 
by Lemma 4.7(2), <fi*e ■ E > for any E G £#r . Therefore 0*e • E > for any 
-E 1 G £r- . By Theorem 3, we see that (p*e G C^ . Therefore by Proposition 4.1, 
e G 4>*Ck = C(f>*K c Thus we have proved 

{e G P|0 < |e • £?| for any E G £} C C M - 

The inclusion in the reverse direction follows from Lemma 4.4 (2). The proof 
of Proposition 4.8 is complete. 

Propositions 4.5 and 4.8 immediately give us 

Theorem 4. Let M be a smooth, closed oriented 4— manifold with b + = 1 and Cm 
non-empty. Then 

C M = {e G V\e ■ E ^ for any E G £}. 
When M is given a minimal reduction, we can give a more explicit presentation 

of C. 
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Proposition 4.9. Suppose M is as in Theorem 4 and is given a minimal reduction 

N^ICP . Let Fi be the generators of H 2 of the CP . When M is rational or 
irrational ruled, further assume the minimal reduction is standard and a standard 
basis is given. 

1. When M is not rational nor irrational ruled, A class e with positive square is 
represented by a symplectic form if and only if e • Fj ^ for any i. 

2. When M is irrational ruled, a class e = all + bT + £V c;Fj with positive square 
is represented by a symplectic form if and only if Ci/A is not an integer for any i. 

3. When M is rational, a reduced class e = aH — Yl7=i ^iFi with positive square 
is in Ck if and only if bi > for each i. For a general class e, transform it to a 
reduced class e' . Then e is represented by a symplectic form if and only if e' is thus 
represented. 

Proof. The first part is contained in the proof of Proposition 4.5. If M is irrational 
ruled, the conclusion follows immediately from 

Lemma 4.10. If Y = {siT ± F t , s L T ± F h s t € Z}, then £ = Y. 

Proof. We have shown in course of the proof of Proposition 3.7 that V C £. To 
prove the inclusion in the reverse direction, by Lemma 4.4(1), it suffices to show 
that for every symplectic canonical class K, Sk C Y. 

Consider Kq first. If the symplectic form uj is obtained by blowing up a product 
symplectic form on 5" 2 x which pairs positively with U and T, then it has Kq as 
the canonical class. For such a form, it is not hard to show (see [Bil]) that 

S Ko ={F 1 ,...,F l ,T-F 1 ,...,T-F l }. 

So £k C Y. By Proposition 3.7, each symplectic canonical class is of the form Kd- 
By equation (3.3) and Lemma 3.5, 

£K d =(r 1 Tl oft)o...o(r l Tl otf<)E Ko 

={-2fciT + nFx, (1 + 2fci)T - nFx, -2/qT + r z F, (1 + 2A; ; )T - r/F/}. 

Notice that = ±1 for each i, C F. Lemma 4.10 is proved. 

Suppose M is rational. Let e = aiif — X^i=i biFi be a reduced class with positive 
square. If it is in Ck q: then since F; e £k 07 h is necessary that 6j > for each i. 
Conversely, if bi > for each i, by Lemma 4.7(2) and Theorem 3, it is in Ck - 
The first statement is thus proved. The last statement is obvious, so the proof of 
Proposition 4.9 is finished. 

As we previously remarked, when M is rational, though S can be determined, 
it is hard to write down it explicitly. So we do not have a as nice presentation of 
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C as those in the other cases. However, in light of Lemma 4.7(1), it is still a very 
effective one. 

Having determined the image of the map CC : Qm — ► H (M; R), we are also 
able to say something about its inverse image by generalizing a result of McDuff. 

Proposition 4.11. Let M be closed oriented 4— manifold with b + = 1. Let lo\ 
and U2 be two cohomologous symplectic forms. If they can be joined by a path 
of symplectic forms then they can be joined by a path of cohomologous symplectic 
forms. 

Proof. This result was proved as Theorem 1.2 in [Mc3] under the assumption that 
M is not of 'Seiberg-Witten simple type'. In [Mc3], a symplectic 4- manifold is said 
to be of 'SW simple type' if its only nonzero Gr° invariant occur in classes with zero 
Gromov-Taubes dimension. For a symplectic 4-manifold M not of 'SW simple type', 
what is used in the proof in [Mc3] is the following fact: assuming [uj] is rational, 
then there is a basis of _£/" 2 (M;Q) formed by rational classes n[u>], e\, ek with 
e 2 < for all j such that Z(n[u;] ± ej) is represented by a connected u— symplectic 
surface for all j and large /. 

By Propositions 4.1-4.3, all symplectic 4— manifolds with b + = 1 satisfy this 
property. So the proof of this Proposition is identical to that of Theorem 1.2 in 
[Mc3]. * 

In terms of the map CC, the result above can be interpreted as saying that, 
when restricted to a connected component of Om, the inverse image of a point of 
CC is connected. This result is useful in §6 for the duality conjecture. 

§.5. Symplectic Casteluovo's criterion 

In this and the following sections we will study further Ak, the set of 
l K— stable' classes of symplectic surfaces. Here we will determine, for a minimal 
4-manifold, which integral multiples of K is in Ak- As an interesting corollary, we 
obtain the sympletic Casteluovo's criterion for rationality. 

Lemma 5.1. Let M be a minimal 4-manifold with b + = 1 and K a non-torsion 
symplectic canonical class. Ak contains only non-torsion classes with non-negative 
square. 

Proof. We observe that, by definition, if a G Ak and e G Ck, then a ■ e > 0. So 
obviously a can not be a torsion class. Suppose a G A K has negative square. The 
orthogonal complement of a in H 2 (M;Tt) still contains classes of positive square. 
Let (3 be such a class. By Theorem 2, either (3 G Ck or — (3 G Ck ■ However, the 
fact that a • (3 = contradicts with the observation above. The proof is finished. 

Notice that, for a fixed symplectic structure, there might be classes of negative 
square represented by symplectic surfaces. Such examples are easy to find. For any 
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positive integer n, the Hirzebruch surface F 2 n is a minimal algebraic surface having 
holomorphic curves (hence symplectic with respect to any Kahler form) of square 
—2n in F 2n - 

Proposition 5.2. Let M be a minimal 4- manifold with b + = 1 and if a non-torsion 
symplectic canonical class. Then nif is in Ak in the following case: 

1. n < — 1 and M is CP 2 , S 2 x S 2 or an S 2 -bundle over T 2 , 

2. n = 1 and M has b\ = 2 and is not an S 12 — bundle over T 2 , 

3. n > 2 and M is not rational nor irrational ruled. 

Proof. By Lemma 5.1, for any pair M, if with if 2 < 0, no multiple of if is in Ak- 
Such manifolds are S 2 — bundles over Riemann surfaces of genera at least 2. 

Assume now that M is not an S 2 — bundle over a Riemann surface of genus at 
least 2. Then for any integer n, the Seiberg-Witten dimension of C K -i <g> nK is 
non-negative, because 

d(C K -i <g> nK) = -K -nK + nK ■ nK = (n 2 - n)K 2 > 0. 

Let to be a symplectic form with K as its symplectic canonical class. 

The manifolds in case 1 satisfy K 2 > 0, K ■ u < 0. So K~ x + 2nK is in the 
forward cone for all n < —1. Thus it follows from Lemma 3.4 that Gr w (nK) is 
non-trivial for n < — 1 and case 1 is settled. 

The manifolds in case 2 satisfy K 2 > and K ■ u > 0. Let 7 be the generator 
of A 2 H 1 (M; Z) such that u ■ 7 > 0. By Lemma 3.1, K ■ 7 > 0. By Theorem 2.2 and 
Lemma 2.3 SW° + (£ K -i ® K) = 1. When 61 = 2, by Lemma 3.3, 

W;.^" 1 <S> if ) = — S'W"° )+ (i i C _1 ® if) + ^if • 7 ^ 

unless if -7 = —2. But this is impossible, so by Theorem 2.9 Gr w (K) is non-trivial. 
Case 2 is settled. 

By Lemma 3.2, SW^^+iC-K- 1 ® nif ) is zero if n > 2. Since the manifolds in 
case 3 satisfy K • u> > 0, (if -1 + 2nif ) • u> > for n > 1. When b\ = 0, or when 
61 = 2 and if • 7 ^ 0, by Lemma 3.3, SW^ ^K' 1 ® if ) - SW^^if- 1 ® if) is 
nonzero. Therefore Gr u (nK) is nonzero for n > 2. 

When 61 = 2 and if • 7 = 0, from part 2 we know Gr w (if) is non-trivial. 
By Lemma 3.1, if must have square zero, so it is represented by an embedded 
symplectic torus. Thus, for each n > 2, nif can be represented by an embedded 
symplectic torus as well by Lemma 2.6. The proof of Proposition 5.2 is complete. 

Now we can give the proof of the symplectic Castlenuova criterion. 
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Corollary 2. Let M be a closed, oriented 4— manifold with b + = 1 and a non- 
torsion symplectic canonical class K. If b± = and 2K is not in A^, then M is 
rational. 

Proof. First assume that M is minimal. By Corollary 5.2, M must be rational or 
irrationally ruled. Since irrational ruled manifolds have b\ > 0, M is rational as 
claimed. 

§6. K— surface cone and duality conjecture 

Recall that the rational K— surface cone iSg, introduced in §1, is the cone 
12veA K Q +v m H 2 (M; Q). In this section we will study this cone and discuss the 

duality between it and the rational K— symplectic cone = Ck^H 2 (M; Q) inside 
H 2 (M;Q). 

We start with a couple of simple algebraic lemmas. Let W be a subset in 
H 2 (M; Q). Define the dual of W to be 

W A = {ve H 2 (M; Q)\v ■ w > for any w G W}. 

Clearly W A is a convex subset, and W AA = W if W is convex. 

Lemma 6.1. Let M be a symplectic 4— manifold with symplectic canonical class 
K. Then is convex, and 

S% C C^ K and C 

Proof. It directly follows from the definitions of the two cones. 

Lemma 6.2. Let M be a closed oriented 4— manifold with 6+ = 1. Let TV® be a 
component of V Q and F be a subset of H 2 (M; Q). Then 

feF 

Proof. Let us first show that TV^ = JFP qA . By the light cone lemma, TV^ C 
. By the argument in Lemma 5.1 TV® C TV . Since 

£ Q+/ C TV < p A and J^ Q = ^P QA C ^P? A , 

we have, by the convexity of TV® , 

Y,Q + f + ^P Q cTV QA F . 

feF 
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Let p G TV Q + E/ 6 f Q + /- Then P • e > for any e G TV Q , thus p G TV^ = 
TV Q . And p ■ f > for any / G F. Therefore 



(TV* + Q + /) A c F^f- 

f€F 

The proof is complete. 

Theorem 5. Let M be a smooth, closed oriented 4— manifold with b + = 1. Let 
K be a symplectic canonical class. Use any class in to define the forward cone. 

Then _ 

jrpQ + Q + E, CS%C TV Q + 

Proof. We start with the first inclusion. Let to be a symplectic form with K as 
its symplectic canonical class. By the same argument as in Propositions 4.2-4.3, 
we can show that, if e is an integral class in TV^, then for a large integer /, 
SW Ui -(Cjc-i <E> le) is non-trivial. Therefore le G by Theorem 2.9(1). We thus 
have shown that TV^ C S^- By Lemma 3.5, £k = so 

EiE£ K 

By the convexity of S^, we have 

jr V Q + Q + Ei C S% . 

EiEE K 



The second inclusion follows from Theorem 3 and Lemmas 6.1-6.2. The proof 
is complete. 

Duality Conjecture. Let M be a closed, oriented 4-manifold with b + = 1. Sup- 
pose K is a symplectic canonical class, then the rational K— surface cone and the 
rational K— symplectic cone are dual to each other. 

We remark that this conjecture can be viewed as the analogue of the duality 
between the Kahler cone and the cone of numerically effective curves on an algebraic 
surface. 

We will now show the Duality Conjecture holds for several classes of minimal 
4-manifolds. 

Lemma 6.3. Let M be a closed oriented 4-manifold with b + = 1 and a symplectic 
canonical class K. The conjecture holds for M and K if any class e G TV (K) 
with square is in S^. 
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Proof. Ck is convex by Theorem 3, so = C^- Therefore = if 

Sk = Ck .By Lemmas 6.1-2 and Theorems 3 and 5, 

So S% = if the complement of TV^(K) in TV [K) is in iSg. Since this 

complement consists of the classes e e TV (K) with square 0, the lemma is proved. 

Two cohomologous symplectic forms are said to be isotopic if they can be joined 
by a path of cohomologous symplectic forms. For a symplectic form u>, recall that 
A w is the set of integral classes which can be represented by uj— symplectic surfaces. 

Lemma 6.4. Let M be a closed, oriented 4— manifold with b + = 1. If u\ and u)2 
are two symplectic forms which are deformation equivalent and cohomologous, then 
A —A 

Proof. By the basic result of Moser [M] it is easy to see that A Ul = 
A U}2 if uj\ and U2 are isotopic. Now the lemma follows from Proposition 4.11. 

Proposition 6.5. The Duality conjecture holds for 

a) . 4-manifolds with torsion symplectic canonical classes, b + = 1 and b± = 0. 

b) . CP 2 and S 2 x S 2 . 

c) . S 2 — bundles over T 2 . 

d) . S 2 xS with E a surface with genus at least two. 

e) . T 2 -bundles over T 2 with b + = 1, A 2 H 2 (M; Z) non-trivial, and having a unique 
deformation class of symplectic forms. 

f) . S 1 x X with X a fibered 3— manifold with b\ = 1 and the genus of the fiber at 
least 2, and having a unique deformation class of symplectic forms. 

Proof. For the manifolds in e) and f), symplectic structures can be constructed 
by the construction in [Th]. So all the manifolds listed have symplectic structures. 
Let K be any one of the two symplectic canonical classes. Let to be an arbitrary 
symplectic form with K as its symplectic canonical class. By Lemma 6.3 what we 
need to show is, for any class e in TV^{K) with e 2 = 0, some (rational) multiple 
of it is represented by an u— symplectic surface. We will show it is the case for 
manifolds in a)— e). 

For manifolds in a), K is a torsion class, so any class e in TV^^K) with square 
zero has d(e) = and (K~ x + 2e) • ui > 0. If, in addition b\ = 0, by Lemmas 3.1 
and 3.2(1), SW u -(C K -i <g> e) is non-trivial. By Theorem 2.9, e G A K . 
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For manifolds in b), K 1 is in the forward cone. Thus K 1 + 2e is in the 
forward cone if e is in TV ' (K). By Lemma 3.4 and Theorem 2.9 Gr u (e) ^ for 
any class e G TV^. 

For manifolds in c), K~ x has square zero and is in TV (K). By the same 

argument as above, if e is in TV^(K) with square zero and e ^ K -1 , then it is in 
A K . The fact that K~ x is also in A K is proved in Proposition 5.3. 

For a product irrational ruled 4-manifold S 2 x E, if e has square 0, then it 
is Poincare dual to either a multiple of [S 2 ] or [£]. On such a 4-manifold every 
symplectic form is isotopic to a product from by [LM] . Since any product symplectic 
form remains a symplectic form on any S 2 and E, the conclusion follows from Lemma 
6.4. 

For the manifolds in e), K is trivial and both b\ and hi are equal to two. If 
7 is the non-trivial generator of A 2 H 2 (M;Z) as in Lemma 3.3, it is the class of 
the fibers. Since the intersection form on H 2 (M; Z is (1) © (—1), the classes with 
square zero are (rational) multiples of 7 and another integral class which we denote 
by rj. We can assume that 77 ■ to > 0. Since K = 0, ^(77) is equal to zero. Notice 
that 7 • rj 7^ 0. This, together with Lemmas 3.2-3, imply that W u _(£^-i <E> rj) 
is non-trivial. Therefore Gr u {rj) is non-trivial. All these manifolds are geometric, 
and it is shown in [G] that every class with positive square can be represented by 
a 'geometric' symplectic form such that is symplectic on the fibers. In particular, 
the class of u> is represented by such a 'geometric' symplectic form u>'. Under 
the assumption that there is a unique deformation class of symplectic forms, the 
conclusion follows from Lemma 6.4. 

For the manifolds in f), the Kiinneth formula tells us that b± and 62 are again 
equal to two. Since K 2 = 2%(M) + 3a(M), K has square 0. Let g be the genus of 
the fibers of it : X — >■ S 1 . Then M = S 1 x X fibers over the 2-torus with fibers 
of genus g. Since g is at least 2, the class of the fibers is non-trivial in H 2 (M; Q). 
In fact by the construction in [Th], the fibers are symplectic with respect to some 
symplectic structures on M. By the ajunction formula in [LL2], K • 7 = (2g — 2). 
Therefore K is non-trivial in H 2 (M;Q) as well and the classes with square zero 
are (rational) multiples of K and 7. By Proposition 5.2 K is in Ak, so we only 
have to deal with 7 by explicitly constructing a symplectic form u' in the class of u 
such that the fibers are 10'— symplectic. Then, under the assumption that there is a 
unique deformation class of symplectic forms, the conclusion that 7 is represented 
by an u— symplectic surface again follows from Lemma 6.4. Choose a metric on 
X such that 7r : X — > S 1 is a harmonic map. Let *x be the star operator on X 
with respect to this metric. Let d9 be the volume form of the base circle, and ji be 
*x^*d9, . Let ds be the volume form of the product circle. Then for any pair of 
positive numbers a and /?, the form ±(ads AdO + (3jj) is symplectic and restricts to a 
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symplectic form on each fiber. In particular the class of u can be thus represented. 
The proof of Proposition 6.5 is complete. 

Remark 6.6. It seems to us that it should not be too hard to show that the 
duality conjecture holds for a manifold M if it holds for one of its minimal models. 
Given any symplectic form u with K as the symplectic canonical class. Blow down 
M,w to a symplectic 4-manifold N,f3. Let be the exceptional classes, 

and V be the symplectic canonical class of (3. If the conjecture holds for N, then 
FV^iV) = Sy C S®. It is easy to see that 

I 



Thus it suffices to show that <Sg = J^Vf^iV) C S^. Due to Lemma 6.4, this is quite 
possible. 

Finally let us mention that we can also introduce the real K— surface cone Sk- 
It is easy to check that the statements in Lemmas 6.1-3 and Theorem 5 remain valid 
for Sk if the Q are removed or replaced by R. The real K— surface cone is similar 
to (often smaller than) the cone of numerically effective curves. In fact, a more 
precise analogue of the real K— surface cone is the deformed symplectic effective 
cone introduced by Ruan in [R2]. In particular, if VLk has only one connected 
component, then they coincide. 
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